The Smarandache Bryant Schneider Group Of A 
Smarandache Loop *" 


Temitopé Gbodlahan Jatyéola 
Department of Mathematics, 
Obafemi Awolowo University, Ile Ife, Nigeria. 
jaiyeolatemitope@yahoo.com, tjayeolaQoauife.edu.ng 


Abstract 


The concept of Smarandache Bryant Schneider Group of a Smarandache loop is 
introduced. Relationship(s) between the Bryant Schneider Group and the Smarandache 
Bryant Schneider Group of an S-loop are discovered and the later is found to be useful 
in finding Smarandache isotopy-isomorphy condition(s) in S-loops just like the formal is 
useful in finding isotopy-isomorphy condition(s) in loops. Some properties of the Bryant 
Schneider Group of a loop are shown to be true for the Smarandache Bryant Schneider 
Group of a Smarandache loop. Some interesting and useful cardinality formulas are 
also established for a type of finite Smarandache loop 


1 Introduction 


The study of Smarandache loops was initiated by W. B. Vasantha Kandasamy in 2002. 
In her book [16], she defined a Smarandache loop (S-loop) as a loop with at least a subloop 
which forms a subgroup under the binary operation of the loop. For more on loops and their 
properties, readers should check [14], [3], [5], [7], [8] and [16]. In her book, she introduced 
over 75 Smarandache concepts in loops but the concept Smarandache Bryant Schneider 
Group which is to be studied here for the first time is not among. In her first paper [17], she 
introduced some types of Smarandache loops. The present author has contributed to the 
study of S-quasigroups and S-loops in [9], [10] and [11] while Muktibodh [13] did a study on 
the first. 

Robinson [15] introduced the idea of Bryant-Schneider group of a loop because its im- 
portance and motivation stem from the work of Bryant and Schneider [4]. Since the advent 
of the Bryant-Schneider group, some studies by Adeniran [1], [2] and Chiboka [6] have been 
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done on it relative to CC-loops, C-loops and extra loops after Robinson [15] studied the 
Bryant-Schneider group of a Bol loop. The judicious use of it was earlier predicted by 
Robinson [15]. As mentioned in [Section 5, Robinson [15]], the Bryant-Schneider group of a 
loop is extremely useful in investigating isotopy-isomorphy condition(s) in loops. 

In this study, the concept of Smarandache Bryant Schneider Group of a Smarandache loop 
is introduced. Relationship(s) between the Bryant Schneider Group and the Smarandache 
Bryant Schneider Group of an S-loop are discovered and the later is found to be useful in 
finding Smarandache isotopy-isomorphy condition(s) in S-loops just like the formal is useful 
in finding isotopy-isomorphy condition(s) in loops. Some properties of the Bryant Schneider 
Group of a loop are shown to be true for the Smarandache Bryant Schneider Group of a 
Smarandache loop. Some interesting and useful cardinality formulas are also established for 
a type of finite Smarandache loop. But first, we state some important definitions. 


2 Definitions and Notations 


Definition 2.1 Let L be a non-empty set. Define a binary operation (-) on L : If 
xc:yeELV aye L, (L,-) ts called a groupoid. If the system of equations ; a-x = b and 
y:a=b have unique solutions for x and y respectively, then (L,-) is called a quasigroup. 
Furthermore, if there exists a unique element e € L called the identity element such that 
VaeLl,x-e=e-x=2, (L,-) is called a loop. 


Furthermore, if there exist at least a non-empty subset M of L such that (M,-) is a non- 
trivial subgroup of (L,-), then L is called a Smarandache loop(S-loop) with Smarandache 
subgroup(S-subgroup) M. 


The set SY M(L,-) = SY M(L) of all bijections in a loop (L,-) forms a group called the 
permutation(symmetric) group of the loop (L,-). The triple (U,V,W) such that U,V,W € 
SY M(L,-) is called an autotopism of L if and only ifU-yV = (a-y)W V z,y € L. The group 
of autotopisms(under componentwise multiplication({14]) of Z is denoted by AUT(L,-). If 
U = V = W, then the group AUM(L,-) = AUM(L) formed by such U’s is called the 
automorphism group of (L,-). If Z is an S-loop with an arbitrary S-subgroup H, then the 
group SSY M(L,-) = SSY M(L) formed by all 6 € SY M(L) such that hO € H Vhe H is 
called the Smarandache permutation(symmetric) group of L. Hence, the group S'A(L,-) = 
SA(L) formed by all 6 € SSY M(L)M AUM(L) is called the Smarandache automorphism 
group of L. 

Let (G,-) be a loop. The bijection L, : G —> G defined as yL; = x-yV x,y € Gis 
called a left translation(multiplication) of G while the bijection R, : G —> G defined as 
yR,=y-«V x,y € Gis called a right translation(multiplication) of G. 


Definition 2.2 (Robinson [15]) 
Let (G,-) be a loop. A mapping 0 € SY M(G,-) is a special map for G means that there 
exist f,g € G so that (OR;',OL;",8) € AUT(G,.:). 


Definition 2.3 Let (G,-) be a Smarandache loop with S-subgroup (H,-). A mapping 0 € 
SSY M(G,-) is a Smarandache special map(S-special map) for G if and only if there exist 
f,g © H such that (0R;',0L;",8) € AUT(G,-:). 


Definition 2.4 (Robinson [15]) 
Let the set 


BS(G,-:)= {0 € SYM(G,:) : Jf,geG 3 (OR7',0L;", 0) ¢ AUT(G,-)} 


i.e the set of all special maps in a loop, then BS(G,-) < SY M(G,-) is called the Bryant- 
Schneider group of the loop (G,-). 


Definition 2.5 Let the set 
SBS(G,-) ={@0@€ SSYM(G,-) : there exist f,ge H > (0R,*,0L5", 9) € AUT(G,-)} 


i.e the set of all S-special maps in a S-loop, then SBS(G,-) is called the Smarandache 
Bryant-Schneider group(SBS group) of the S-loop (G,-) with S-subgroup H if SBS(G,-) < 
SY M(G,.:). 


Definition 2.6 The triple @ = (R,,Ly,1) is called an f,g-principal isotopism of a loop 
(G,-) onto a loop (G,°) if and only if 


e-y=aR,oyLsVa,y eG orroy=2R7- yl V 2,y eG. 


f and g are called translation elements of G or at times written in the pair form (g, f), 
while (G0) is called an f, g-principal isotope of (G,-). 


On the other hand, (G,®) is called a Smarandache f, g-principal isotope of (G,®) if for 
some f,g ES, 
tk, @yLy=(cx Oy) Va,yeG 


where (S,@) is a S-subgroup of (G,®). In these cases, f and g are called Smarandache 
elements (S-elements). 

Let (L,-) and (G,o) be S-loops with S-subgroups L' and G" respectively such that xA € 
G’V«€L', where A : (L,-) —> (G,o). Then the mapping A is called a Smarandache 
isomorphism if (L,-) = (G,o), hence we write (L,-) = (G,o). An S-loop (L,-) is called a 
G-Smarandache loop(GS-loop) if and only if (L,-) = (G,o) for all S-loop isotopes (G,o) of 
(L, :) 


Definition 2.7 Let (G,-) be a Smarandache loop with an S-subgroup H. 


A(G,-) = { (OR; 1,0L5",8) € AUT(G,-) for some f,géH : WOE HVhE H} 


3 Main Results 


The Smarandache Bryant Schneider Group 

Theorem 3.1 Let (G,-) be a Smarandache loop. SBS(G,-) < BS(G,-). 

Proof 

Let (G,-) be an S-loop with S-subgroup H. Comparing Definition 2.4 and Definition 2.5, 
it can easily be observed that SBS(G,-) C BS(G,-). The case SBS(G,-) C BS(G,-) is 


possible when G = H where H is the S-subgroup of G but this will be a contradiction since 
G is an S-loop. 


Identity If J is the identity mapping on G, then hI =h € HVh € H and there exists e € H 
where ¢ is the identity element in G such that ([Rz1, IL7', I) = (1,1,1) ¢ AUT(G,-). 
So, J € SBS(G,-). Thus SBS(G,-) is non-empty. 


Closure and Inverse Let a, € SBS(G,-). Then there exist f1, 91, fo, g2 € H such that 


A=(aR;" 


gi? 
AB™ = (aR; aly, a) (Ay oe" Lae g-*) 
= (aR; Ry,87*, aL; L,8-*,a8-*) € AUT(G,-). 
Let 6 = 6R;'R,,8-' and y = BL Lp 8. Then, 


aL;',a), B= (GR;,, BL;), 8) € AUT(G,.). 


(08-15, a8, a6) € AUT(G, -) & (waB-18) - (ya Sy) = (e-y)aB V 2,y € G. 


Putting y = e and replacing x by rGaq', we have (xd) - (eaB~'y) = = for all x € G. 
Similarly, putting 7 = e and replacing y by yGa!, we have (ea3~1d) - (yy) = y for all 
y©G. Thence, rdReqg-1y = © and yyL(eag-15) = y Which implies that 


6 = Regg-ry and 7 = Leeag-14): 


Thus, since g = ea@-ly, f =eaB-'6 € H then 


AB™ = (af"R;*,a8-'L;",a8-*) € AUT(G, -) @ af € SBS(G,:). 
g f 


-, SBS(G,-) < BS(G,:). 


Corollary 3.1 Let (G,-) be a Smarandache loop. Then, SBS(G,-) < SSY M(G,-) < 
SY M(G,-). Hence, SBS(G,-) is the Smarandache Bryant-Schneider group(SBS group) of 
the S-loop (G,-). 


Proof 

Although the fact that SBS(G,-) < SY M(G,-) follows from Theorem 3.1 and the fact in 
[Theorem 1, [15]] that BS(G,-) < SY M(G,-). Nevertheless, it can also be traced from the 
facts that SBS(G,-) < SSY M(G,-) and SSY M(G,-) < SY M(G,-). 

It is easy to see that SSY M(G,-) C SY M(G,-) and that SBS(G,-) C SSY M(G,-) while 
the trivial cases SSY M(G,-) C SY M(G,-) and SBS(G,-) C SSY M(G,-) will contradict 
the fact that G is an S-loop because these two are possible if the S-subgroup H is G. 
Reasoning through the axioms of a group, it is easy to show that SSY M(G,-) < SY M(G,-). 
By using the same steps in Theorem 3.1, it will be seen that SBS(G,-) < SSY M(G,-). 


The SBS Group of a Smarandache f/f, g-principal isotope 


Theorem 3.2 Let (G,-) be a S-loop with a Smarandache f, g-principal isotope (G0). Then, 
(G,o) is an S-loop. 


Proof 
Let (G,-) be an S-loop, then there exist an S-subgroup (H,-) of G. If (G, 0) is a Smarandache 
f, g-principal isotope of (G,-), then 


x-y=xR,oyLy V x,y € G which implies x0 y = Ry -y LF" VuyeG 
where f,g € H. So 
hi ohg = hy R;! . hoLy' V hi, ho € H for some f,g € H. 
Let us now consider the set H under the operation ”o”. That is the pair (H, 0°). 


Groupoid Since f,g € H, then by the definition h; o hy = hyR;* . hoL}", hy ohg € 
HY hy, hz € H since (H,-) is a groupoid. Thus, (H,0) is a groupoid. 


Quasigroup With the definition h; oh, = hyR;* . hyL;' V hy, he € A, it is clear that (H, 0) 
is a quasigroup since (H,-) is a quasigroup. 


Loop It can easily be seen that f -g is an identity element in (H,o). So, (H,°) is a loop. 
Group Since (H,-) is a associative, it is easy to show that (H, 0) is associative. 


Hence, (H,0) is an S-subgroup in (G,o) since the latter is a loop(a quasigroup with identity 
element f -g). Therefore, (G,0) is an S-loop. 


Theorem 3.3 Let (G,-) be a Smarandache loop with an S-subgroup (H,-). A mapping 
06€ SY M(G,-) is a S-special map if and only if @ is an S-isomorphism of (G,-) onto some 
Smarandache f, g-principal isotopes (G,o) where f,g € H. 


Proof 
By Definition 2.3, a mapping 0 € SSY M(G) is a S-special map implies there exist f,g € H 
such that (@R;", OL; ", 0) € AUT(G,-). It can be observed that 


(OR;",0L;1,0) = (0,0,0)(Rz', L7', 1) € AUT(G,.). 


But since (Rj1,L;",1) : (G,o) — (G,-) then for (@R71,0L;',0) € AUT(G,-) we must 
have (9,6,0) : (G,-) —> (G,o) which means (G,-) ©” (G,o), hence (G,-) =" (G,o) because 
(H,-)0 = (H,0). (Ry, Ly, 1) : (G,-) —> (G,°) is an f,g-principal isotopism so (Go) is a 
Smarandache f, g-principal isotope of (G,-) by Theorem 3.2. 

Conversely, if 0 is an S-isomorphism of (G,-) onto some Smarandache ff, g-principal 
isotopes (G,o) where f,g € H such that (H,-) is a S-subgroup of (G,-) means 
(0,0,0). 2 Gye) =. (Gye)): (hg te td). 2" AG. = hGye) awhich: miplies 
(Rj*,L57,1) : (G,o) — (G,-) and (H,-)0 = (H, 0). Thus, (@R7',0L;',0) € AUT(G,:). 
Therefore, # is a S-special map because f,g € H. 

Corollary 3.2 Let (G,-) be a Smarandache loop with a an S-subgroup (H,-). A mapping 
6 € SBS(G,-:) if and only if 6 is an S-isomorphism of (G,-) onto some Smarandache f,g- 
principal isotopes (G,o) such that f,g € H where (H,-) is an S-subgroup of (G,-). 

Proof 

This follows from Definition 2.5 and Theorem 3.3. 


Theorem 3.4 Let (G,-) and (G,0) be S-loops. (G,o) is a Smarandache f, g-principal iso- 
tope of (G,-) if and only if (G,-) is a Smarandache g, f-principal isotope of (G, 0°). 

Proof 

Let (G,-) and (G,o) be S-loops such that if (H,-) is an S-subgroup in (G,-), then (H, 0°) 
is an S-subgroup of (G,o). The left and right translation maps relative to an element x in 
(G,o) shall be denoted by £, and R, respectively. 

If (G, 0) is a Smarandache f, g-principal isotope of (G,-) then, z-y = cR,oyLy Vz,yeG 
for some f,g € H. Thus, rR, = @RgRyz, and yl, = yLyLir, x,y € G and we have R, = 
RgRyt, and Ly = LyLar, 2,y € G. So, Ry = RP Ry and Ly = L7'L, pa = 2,y 6G. 
Putting y = f and x = g respectively, we now get Ry = RE Rr = Hee and Ly = 
Ly Lp = hee That is, Ry = ee and L, = Le for some f,g € H. 

Recall that 

CySsrtR .ylbeVayeGa S poy sak, yh; Vau,yeG. 
So using the last two translation equations, 
Toy=—Gh;p yl, VayeG = the triple (Ry, G,,1) 2-(G,0) — (Gy) 


is a Smarandache g, f-principal isotopism. Therefore, (G,-) is a Smarandache g, f-principal 
isotope of (G, 0). 


The proof of the converse is achieved by doing the reverse of the procedure described 
above. 


Theorem 3.5 [f (G,-) is an S-loop with a Smarandache f,g-principal isotope (G,o), then 
SBS(G,-) = SBS(G,09). 


Proof 

Let (G,o) be the Smarandache f, g-principal isotope of the S-loop (G,-) with S-subgroup 

(H,-). By Theorem 3.2, (G,0) is an S-loop with S-subgroup (H,o). The left and right 

translation maps relative to an element x in (G, ©) shall be denoted by £, and R, respectively. 
Let a € SBS(G,-), then there exist fi,g: € H so that (aR; aL; a) € AUT(G,.:). 

Recall that the triple (Ry,,L,,,[) : (G,-) —> (G,o) is a Smarandache f, g-principal 

isotopism, so x-y = aR,o yLy V x,y € G and this implies 


Re = RgRet; and Ly = Ly£Lzr, V x € G which also implies that 
Ret; = Bons and Lap, = L;*Lz V x € G which finally gives 
R= Ry Rapa and La = Ly’ Lapa Vee G. 
Set fo = faRj'R, and gz = gas Ly. Then 


Ro. = Ry Roots pt7! S Ry Ryats (1) 


ft 
and L'= LF Larry Re = LF" Lparct Vie G. (2) 
Since, (aR; ,aL;’, a) € AUT(G,-), then 
(caR;"') - (yal; =(r-yjaVaz,yeG. (3) 
Putting y = g and x = f separately in the last equation, 


ORG R gatz) = xR,a and yal! Lgarc%) =yLraV z,y€G. 


Thus by applying (1) and (2), we now have 


ech = -1p-1 “4 = ~17-1 
ak, = Figg ini = RjaR,, R, andaLl, = LOL 5 pot) =Lsal;, Le. (4) 
We shall now compute (a o y)a@ by (3) and (4) and then see the outcome. 
(co ya = (@R;' + yL;')a = &R;'aRZ) - yL;aLl;’ = «Ry'R,oR,)R;' - 
y Le Lpal; Le" = £0R,,'R;*- yal; Ly" = £a'R;,' © yal, Vay €G. 
Thus, 


(roy)a = taR,, O yal, Va,yeGo (AR; ,aLl;, a) € AUT(G,0) Sa € SBS(G,°). 
Whence, SBS(G,-) C SBS(G, 0°). 


Since (G0) is the Smarandache f, g-principal isotope of the S-loop (G,-), then by The- 
orem 3.4, (G,-) is the Smarandache g, f-principal isotope of (Go). So following the steps 
above, it can similarly be shown that SBS(G,o) C SBS(G,-). Therefore, the conclusion 
that SBS(G,-) = SBS(G, °) follows. 


Cardinality Formulas 


Theorem 3.6 Let (G,-) be a finite Smarandache loop with n distinct S-subgroups. If the 
SBS group of (G,-) relative to an S-subgroup (H;,-) is denoted by SBS;(G,-), then 


|BS(G => |SBS;(G,-)| [BS(G,-) : SBS;(G,-)]. 


Proof 

Let the n distinct S-subgroups of G be denoted by H;, i = 1,2,---n. Note here that 
H, # A; V i,j =1,2,---n. By Theorem 3.1, SBS,(G,-) < BS(G,-) Vi=1,2,---n. Hence, 
by the Lagrange’s theorem of classical group theory, 


|BS(G,-)| =|SBS,(G,-)| [BS(G,-): SBS,(G,)] Vi=1,2,---n. 


Thus, adding the equation above for all 2 = 1,2,---n, we get 
n|BS(G,-)| = (S586 | [BS(G,-) : SBS;,(G,-)] Vi=1,2,---n, thence, 


|BS(G,-)| = -\> ISBS,(G,-)| [BS(G,-) : SBS,(G,-)]. 


i=1 
Theorem 3.7 Let (G,-) be a Smarandache loop. Then, Q(G,-) < AUT(G,-). 
Proof 


Let (G,-) be an S-loop with S-subgroup H. By Definition 2.7, it can easily be observed that 


Identity If J is the identity mapping on G, then hI =h € HVh € H and there exists e € H 
where e is the identity element in G such that ([Rz', 1L7', I) = (1,1,1) ¢ AUT(G,-). 
So, (1,1, 2) € Q(G,-). Thus Q(G,-) is non-empty. 


Closure and Inverse Let A, B € 2(G,-). Then there exist a, 3 € SSY M(G,-) and some 
fi, 91; fo; 92 € H such that 


A= (aR! bg iG). B = (GR; , BL; , 2) € AUT(G,-). 


gi? 
AB™ : = (aR; Odes sal a)(R oP a) 
= (aRz} Ry, 371, oL7!Lj,8-1, 08-1) € AUT(G,-). 


Using the same techniques for the proof of closure and inverse in Theorem 3.1 here 
and by letting 6 = GR>'R,,3-' and y = BL5 L507", it can be shown that, 


AB = (af8'R-',af-1L71,a8-1) € AUT(G, -) where g = eaB'y, f = eaB 6 EC H 
g f 


such that aG~' € SSY M(G,-) 6 AB“ € X(G,-). 


/. Q(G,-) < AUT(G,-). 


Theorem 3.8 Let (G,-) be a Smarandache loop with an S-subgroup H such that f,g © H 
anda € SBS(G,.-). If the mapping 


® : O(G,-) —+ SBS(G,-) is defined as ® : (aR7*,aL;*,a) > a, 
then ® is an homomorphism. 


Proof 
Let A, B € Q(G,-). Then there exist a,G € SSYM(G,-) and some fi, 91, fo,g2 € H such 
that 

A= oe aL;',a), B= (GR;,, GL; ,8) € AUT(G,.). 


gi? 


®(AB) = O[(aR;z',aL;",0)(GRz), bL;,,8)] = O(aR7' GR; aL; bL;, ,a8). It will be 
good if this can be ae as; ®(AB) = ®(aZ0, aBy, op) such that haG € HV h € HA and 
6= R51, y= L;" for some g, f € H. 


This is done as follows: If 


(aR; BR, aL; BL; a8) = (af, aBy,a3) € AUT(G,-) then, 
ra3d - yay = (r-y)abBVar,yeG. 


Put y =e and replace x by x3-'a~! then 16 - eaby =x & 6 = Rap 


Similarly, put x =e and replace y by y3-'a~!. Then, eaBd- yy =y @ y= Lape So, 


(AB) = (OBB rg OBL 95, 08) = ap = O(aR;',a ’ Le ’ a)® (BR,, er bee 8) = (A )&(B). 
.. ® is an homomorphism. 


Theorem 3.9 Let (G,-) be a Smarandache loop with an S-subgroup H such that f,g © H 
anda € SSY M(G,-). If the mapping 


® : Q(G,-) — SBS(G,-) is defined as ® : (@R,*,aL;",a) ba 


then, 

A= (aks; aL5*,@) € ker ® if and only if a 
is the identity map on G, g- f ts the identity element of (G,-) and g € N,(G,-) the middle 
nucleus of (G,-). 


Proof 


Necessity ker ® = {A € (Q(G,-) : ®(A) = I}. So, if A = (aR; aL;, a) € ker ®, then 
6(A) =a =I. Thus, A = (Rj!,L;',1) € AUT(G,-) & 
a-y=a@R;)-yLs' V2,y €G. (5) 
Replace x by «R, and y by yLy in (5) to get 
x-y=ag-fyVxyeG. (6) 
Putting x = y =e in (6), we get g- f =e. Replace y by yL;* in (6) to get 
a-yLy =ag-yVa,y eG. (7) 
Put x =e in (7), then we have y Ls" =g-yVy€G and so (7) now becomes 


x-(gy)=xg-yVz,yEGegeEN,(G,:). 


Sufficiency Let a be the identity map on G, g- f the identity element of (G,-) and g € 
N,(G,:). Thus, fg: f = f-gf = fe = f. Thus, f-g =e. Then also, y = 
fo:-yv=feqyV y €G which results into yL;* = gy Vy €G. Thus, it can be seen 
that raR;t - yas" = «R;* -y LF? = ¢Rj'a- yLF*a = «Rj! - yL* = ¢R5*- gy = 
(cRy'-g)y = cRj' Roy =2-y =(x-y)aV2,y € G. Thus, ®(A) = O(a R5', aL;',a) = 
O(R,1,L;', 1) => Ac kerS. 


Theorem 3.10 Let (G,-) be a Smarandache loop with an S-subgroup H such that f,g € H 
anda € SSY M(G,-). If the mapping 


® : Q(G,-) —+ SBS(G,-) is defined as ® : (aR7*,aL;",a) > a 


then, 
INu(G, -)| = [ker ®| and |Q(G, -)| = |SBS(G, -)||N,(G,-)]. 


Proof 
Let the identity map on G be J. Using Theorem 3.9, if 


go = ig ied) Vg€N,(G,-) then, 6 : N,(G,-) — ker ®. 


6 is easily seen to be a bijection, hence |N,,(G, -)| = | ker ®]. 

Since ® is an homomorphism by Theorem 3.8, then by the first isomorphism theorem 
in classical group theory, 0(G,-)/ker® ~ Im®. © is clearly onto, so Im® = SBS(G,-), 
so that Q(G,-)/ker® = SBS(G,-). Thus, |Q(G,-)/ker®| = |SBS(G,-)|. By Lagrange’s 
theorem, |Q(G,-)| = | ker ®||Q(G, -)/ ker ®|, so, |O(G,-)| = | ker ®||SBS(G,-)], 0. |Q(G,-)| = 
ING, -)||SBS(G, -)]. 
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Theorem 3.11 Let (G,-) be a Smarandache loop with an S-subgroup H. If 


@(G,-)= {(f.9) €HxH : (Go) £(G,) 


for (G,o) the Smarandache principal f, g-isotope of (G, )} then, 


Proof 
Let A,B € Q(G,-). Then there exist a,G € SSYM(G,-) and some fi, 91, fo,g2 € H such 
that 

A= (aR;' 


gi? 


aL;1,a), B= (6R;},6L;}, 8) € AUT(G,,). 


g2? fz? 
Define a relation ~ on ((G,-) such that 


Aw~B <=> fi = fo and gi = gp. 


It is very easy to show that ~ is an equivalence relation on (G,-). It can easily be seen 
that the equivalence class [A] of A € Q(G,-) is the inverse image of the mapping 


Ww : O(G,-) —> O(G,-) defined as UV : (aR; aL; a) > (f,9). 


If A,B € (Q(G,-) then W(A) = W(B) if and only if (fi,m) = (f2,g2) 80, 
fi = fe and g. = go. Thus, since Q(G,-:) < AUT(G,-) by Theorem 3.7, 
then ABT’ = (aR;',aL;",0)(GR;), bL;,,8)* = (Rj Ry, 8*,aL5' 1,87", 08-1) = 
(a8-!, a6, a8!) € AUT(G, -) & a8! € SA(G,-). So, 


An~B& af" € SA(G,-) and (fi, 91) = (fo, 92). 


, |[A]] = |SA(G,-)|. But each A = (aRj',aL;',a) € Q(G,-) is determined by some 
f,g € H. So since the set {[Al >: AEG, )} of all equivalence classes partitions 0(G, -) 
by the fundamental theorem of equivalence Relation, 


IA(G,-)|= S70 All = So ISA(G,-)| = 10(G, )IISAG,»)]. 


f,g¢€H f.geH 
* {Q(G, -)| = [O(G, )IIS-A(G; -)]. 


Theorem 3.12 Let (G,-) be a finite Smarandache loop with a finite S-subgroup H. (G,-) 
is S-isomorphic to all its S-loop S-isotopes if and only if 


(A, -)PISA(G, -)| = |SBS(G, )ILNL(G,-)L- 


it 


Proof 
As shown in [Corollary 5.2, [12]], an S-loop is S-isomorphic to all its S-loop S-isotopes if and 
only if it is S-isomorphic to all its Smarandache f,g principal isotopes. This will happen if 
and only if H x H = O@(G,-) where O(G,-) is as defined in Theorem 3.11. 

Since 0(G,-) C H x H then it is easy to see that for a finite Smarandache loop with 
a finite S-subgroup H, H x H = O(G,-) if and only if |H|? = |O(G,-)|. So the proof is 
complete by Theorem 3.10 and Theorem 3.11. 


Corollary 3.3 Let (G,-) be a finite Smarandache loop with a finite S-subgroup H. (G,-) is 
a GS-loop if and only if 


|(H, -)PISA(G,-)| = |SBS(G, -)IINu(G,-L- 


Proof 
This follows by the definition of a GS-loop and Theorem 3.12. 


Lemma 3.1 Let (G,-) be a finite GS-loop with a finite S-subgroup H and a middle nucleus 
N,(G, -) : 
_ |SBS(G,-)| 


(A, -)| = ING, )| > 1, -) = TSA(G, |” 


Proof 
From Corollary 3.3, 
|(H,-)PISA(G, -)| = |SBS(G, -)||N.(G, +]. 


Necessity If |(H,-)| = |N,(G,-)|, then 


(A, )I|SA(G, -)] = |SBS(G, -)| => |(H,-)] = TSA(G, J} 


Sufficiency If |(H,-)| = F276}! then, |(H,-)||SA(G, -)| = |SBS(G,-)|. Hence, multiplying 


both sides by |(H, -)], 


(A, )PISA(G, -)] = |S BS(G,-)||(A, I. 
So that 


ISBS(G, -)I|Nu(G,-)| = |SBS(G, -)||(A, -)| => (A, -) 


I 
= 
is 


Corollary 3.4 Let (G,-) be a finite GS-loop with a finite S-subgroup H. If |N,(G,-)| 2 1, 
then, 


Hs mia’ j= we eit 
|Z, +) ence, |(G,-)| ISA(G,)| for some n 2 
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Proof 
By hypothesis, {e} #4 H # G. In a loop, N,(G,-) is a subgroup, hence if |N,,(G,-)| 2 1, 
then, we can take (H,-) = N,(G,-) so that |(H,-)| = |N,(G,-)|. Thus by Lemma 3.1, 


.)| — [SBS(G,-)| 
(A, -)| = ISA(G,)] 


As shown in [Section 1.3, [8]], a loop L obeys the Lagrange’s theorem relative to a subloop 
A if and only if H(ha) = Hz for all x € L and for all h € H. This condition is obeyed by 
N,.(G, -), hence 


H,- G,-)| => ————— |(G,-)| => 
(2G) > IG) 
there exists n € N such that 

|SA(G, -)| 


But if n = 1, then |(G,-)| = |(4,-)| = > (G,-) = (4,-) hence (G,-) is a group which is a 
contradiction to the fact that (G,-) is an S-loop. 
» (G*)| = |SA(G,)| 


for some natural numbers n 2 1. 
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